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Identification of Nonlinear Systems Using Hybrid Functions
R. Dosthosseini, F. Sheikholeslam, Member, IEEE, and A. Z. Kouzani, Member, IEEE


Abstract—Most real systems have nonlinear behavior and
thus model linearization may not produce an accurate
representation of them. This paper presents a method based on
hybrid functions to identify the parameters of nonlinear real
systems. A hybrid function is a combination of two groups of
orthogonal functions: piecewise orthogonal functions (e.g.
Block-Pulse) and continuous orthogonal functions (e.g.
Legendre polynomials). These functions are completed with an
operational matrix of integration and a product matrix.
Therefore, it is possible to convert nonlinear differential and
integration equations into algebraic equations. After
mathematical manipulation, the unknown linear and nonlinear
parameters are identified. As an example, a mechanical system
with single degree of freedom is simulated using the proposed
method and the results are compared against those of an
existing approach.

I. INTRODUCTION

N

ATURALLY, the structures of real systems are
nonlinear and have nonlinear dynamics. Although there
are some methods to linearize these dynamics, usually
parameter identification errors increase in these systems. In
such situations, proper methods for nonlinear systems should
be developed.
Regression techniques in conjunction with two
dimensional orthogonal functions are used in [1] to
determine an approximation for a nonlinear one degree of
freedom (d.o.f.) dynamic model. The model matrix of the
system was assumed to be a known mass matrix. Also, this
approach was used to handle the special case of chain like
multi degree of freedom nonlinear dynamic systems [2].
Chen and Tomlinson [3] presented a parametric
identification method. They used time series to identify the
dynamical parameters of the system and predict the time
response.
There are some methods to identify the parameters of
discrete non-linear systems. A wavelet based procedure was
developed to identify the mechanical parameters of a
discrete nonlinear system [4]. Volterra series [5] is presented
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to estimate non-linear systems employing multi dimensional
kernels.
Recently, orthogonal functions that are a well known
method for identification of dynamic and optimal control,
are applied in estimating parameters [6-9]. The important
characteristic of this approach is the reduction of the
differential and integration equations to a system of
algebraic equations by introducing the operational matrix of
integration and product matrix. Consequently, these
approximation algorithms are known as Direct Method [10].
This method is used for identification of linear multi degree
of freedom mechanical systems [11-13]. It is also used to
estimate the parameters of non-linear mechanical systems
[14, 15]. For this, a methodology was developed to identify
physical parameters of non-linear systems through
orthogonal functions. Also, numerical simulations were used
to testify the efficiency of the orthogonal functions and show
their applicability for single and multi degree of freedom
systems. Although the produced results are reasonable, many
bases were used in the simulations taking a large amount of
calculations.
Hybrid functions have received considerable attention in
dealing with various problems of dynamic systems. The
main benefit of using hybrid functions in identification and
control problems is that differential equations can be reduced
to a set of algebraic equations. In this paper, hybrid functions
method is employed to identify the parameters of a nonlinear
system. This method involves reducing the optimal control
problem to a set of algebraic equations utilized to evaluate
unknown coefficients [16]. In order to demonstrate the
accuracy of the proposed numerical method and compare it
with the results of direct method, the example that is solved
in [15] using orthogonal functions is evaluated with the
proposed hybrid functions.
This paper is organized as follows. Section II provides
an overview of hybrid functions and their properties. Section
III describes a nonlinear motion problem using hybrid
functions. Section IV explains how an example is solved to
demonstrate the accuracy of the presented numerical
approach. The results are compared against those reported in
[15]. Finally, conclusions are given in Section V.
II. HYBRID FUNCTIONS AND THEIR PROPERTIES
Hybrid functions are based on two groups of orthogonal
functions, first block-pulse functions as piecewise
orthogonal functions, and second continuous orthogonal
polynomials such as Chebyshev or Legendre. They are
defined between ሾͲǡ ݐ ሻ as follows [17]
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ܾ ሺݐሻ
ܲ ൫ሺʹܰΤݐ ሻ  ݐെ ʹ݊  ݉൯ǡ  א ݐൣሺሺ݊ െ ͳሻΤܰሻݐ ǡ ሺ݊Τܰሻݐ ൧
ൌ൜ 
Ͳǡ݁ݏ݅ݓݎ݄݁ݐ

(1)

where ݊ ൌ ͳǡʹǡ ǥ ǡ ܰ is the order of block-pulse functions, t
is the normalized time, and ܲ ሺݐሻ are orthogonal
polynomials such as Legendre or Chebyshev polynomials of
order ݉, ݉ ൌ ͳǡʹǡ ǥ ǡ  ܯെ ͳ. ܲ ሺݐሻ should satisfy the
following recursive formula:
ܲͲ ሺݐሻ ൌ ͳǡ ܲͳ ሺݐሻ ൌ ݐ
(2)
൜
ǡ
 א ݐሾെͳǡͳሿ
ܲ݊ ሺݐሻ ൌ ʹ݊ܲݐെͳ ሺݐሻ െ ܲ݊െʹ ሺݐሻ
for Chebyshev polynomials and
൜

ܲ ሺݐሻ ൌ ͳǡ ܲଵ ሺݐሻ ൌ ݐǡ
 א ݐሾെͳǡͳሿ
ܲ ሺݐሻ ൌ ሺሺʹ݊ െ ͳሻΤ݊ሻܲݐିଵ ሺݐሻ െ ሺሺ݊ െ ͳሻΤ݊ሻܲିଶ ሺݐሻ

(3)

for Legendre polynomials.
Assume ݂ሺݐሻ is a function in the interval ሾͲǡ ݐ ሿ. It can
be approximated using hybrid functions as follows:
ே ெିଵ

݂ሺݐሻ ؆   ܿ ܾ ሺݐሻ ൌ ் 

(4)

ୀଵ ୀ

where

ൌ ሾܿଵ ǡ ǥ ǡ ܿଵሺெିଵሻ ǡ ܿଶ ǡ ǥ ǡ ܿଶሺெିଵሻ ǡ ǥ ǡ ܿே ǡ ǥ ǡ ܿேሺெିଵሻ ሿ்
is coefficients vector for ݂ሺݐሻ and

ൌ ሾܾଵ ሺݐሻǡ ǥ ǡ ܾଵሺெିଵሻ ሺݐሻǡ ǥ ǡ ܾே ሺݐሻǡ ǥ ǡ ܾேሺெିଵሻ ሺݐሻሿ்

(5)

(6)

is the bases vector. The integration of the vector  can be
approximated by
௧

(7)

න ݀߬ ؆ ࡼ


where ࡼ is a  ܰܯൈ  ܰܯoperational matrix for integration and
given [7] by:
ࡱ ࡴ
ۍ ࡱ
ێ
ࡼ ൌ ێ 
ڭ ڭ ێ
ۏ 

where

ࡴǥ
ࡴǥ
ࡱǥ
ڰڭ
ǥ

ࡴ
ࡴې
ۑ
ࡴۑ
ۑ ڭ
ࡱے

ͳ Ͳ Ͳǥ Ͳ
Ͳ Ͳ Ͳۍǥ Ͳې
ݐ ێ
ۑ
ࡴ ൌ Ͳ Ͳ Ͳێǥ Ͳۑ
ܰ
ۑڭ ڰڭ ڭ ڭێ
Ͳ Ͳ Ͳۏǥ Ͳے
and ࡱ is a  ܯൈ  ܯmatrix that is defined as:
ࡱሺͳǡͳሻ ൌ ݐ Τܰ ǡ
ۓ
ࡱሺͳǡʹሻ ൌ ݐ Τܰ ǡ
ۖ
ۖ
ࡱሺ݅ǡ ݅ െ ͳሻ ൌ െݐ Τሺܰሺʹ݅ െ ͳሻሻ ǡ
݅ ൌ ʹǡ ǥ ǡ  ܯെ ͳ
ࡱ ۔ሺ݅ǡ ݅  ͳሻ ൌ ݐ Τሺܰሺʹ݅ െ ͳሻሻ ǡ
ۖ
ۖࡱሺܯǡ  ܯെ ͳሻ ൌ ݐ Τሺܰሺʹ ܯെ ͳሻሻ ǡ
Ͳ ەǡ݁ݏ݅ݓݎ݄݁ݐ

(8)

(9)

ൌ
ሾܾଵ ሺݐሻǡ ܾଵଵ ሺݐሻǡ ܾଵଶ ሺݐሻǡ ǥ ǡ ܾସ ሺݐሻǡ ܾସଵ ሺݐሻǡ ܾସଶ ሺݐሻሿ் ,

(13)

and

෩ ൌ ݀݅ܽ݃ݔ݅ݎݐܽ݉ ݈ܽ݊ሺ
෩ ǡ 
෩ ǡ 
෩ ǡ 
෩ ሻ


(14)

෩ ǡ ݅ ൌ ͳǡʹǡ͵ǡͶ are ͵ ൈ ͵ matrices defined as follows
where 
ܿ
෩  ൌ ሺͳΤ͵ሻ ܿଵ

ሺͳΤͷሻ ܿଶ

ܿଵ
ܿ  ሺʹΤͷሻ ܿଶ
ሺʹΤͷሻ ܿଵ

ܿଶ
ሺʹΤ͵ሻ ܿଵ ൩
ܿ  ሺʹΤሻ ܿଶ

(15)

when Legendre polynomials are used and when Chebyshev
polynomials are used ෩ is defined as
ܿ
෩ ൌ ሺͳΤʹሻ ܿଵ

ሺͳΤʹሻ ܿଶ

ܿଵ
ܿ  ሺͳΤʹሻ ܿଶ
ሺͳΤʹሻ ܿଵ

ܿଶ

ሺͳΤʹሻ ܿଵ ൩.

(16)

ܿ

III. PROBLEM STATEMENT
The equation of motion of a non-linear system with n
degree of freedom with respect to an external force ݂ሺݐሻ can
be described as follows [15]
(17)
ݔܯሷ  ݔܥሶ   ݔܭ ݃ሺݔǡ ݔሶ ሻ ൌ ݂ሺݐሻ
where ܯ, ܥ, and  ܭare mass, damping and stiffness
parameters,  ݔis the displacement variable, ݃ሺݔǡ ݔሶ ሻ is a
function of the displacement and velocity, and ݂ሺݐሻ is the
excitation force vector. Although ݃ሺݔǡ ݔሶ ሻ is generally
nonlinear, it can be considered as a linear term depending on
the nature and magnitude of the nonlinear forces and the
vibration level of the system [15]. In this work, ݃ሺݔǡ ݔሶ ሻ is
assumed to be a nonlinear function. A general formulation is
developed for a d.o.f. system with cubic stiffness and
viscous and dry friction damping. Thus
(18)
ݔܯሷ  ݔܥሶ   ݔܭ ܭଷ  ݔଷ  ݂ௗ ݊݃݅ݏሺݔሶ ሻ ൌ ݂ሺݐሻ
where ܭଷ is the cubic stiffness coefficient, ݂ௗ is the dry
friction force, and ݊݃݅ݏሺݔሶ ሻ is defined as follows:
ͳǡ
݂ݔ ݎሶ  Ͳ
(19)
ሻ
Ͳǡ
݂ݔ ݎሶ ൌ Ͳ
݊݃݅ݏሺݔሶ ൌ ቐ
െͳǡ ݂ݔ ݎሶ ൏ Ͳ
Integrating (18) twice in the interval ሾͲǡ ሿ, it becomes:
௧

௧

(10)

௧



௧

௧

 ܭන න ݔሺ߬ሻ ݀߬ ଶ  ܭଷ න න ݔሺ߬ሻଷ ݀߬ ଶ


௧



௧





௧

(20)

௧

݂ௗ න න ݊݃݅ݏሺݔሺ߬ሻሻ ݀߬ ଶ ൌ න න ݂ሺ߬ሻ ݀߬ ଶ


(11)

෩ is a  ܰܯൈ  ܰܯproduct operational matrix. As an
where 

example, let ݐ ൌ ͳ,  ܯൌ ͵, and ܰ ൌ Ͷ. Therefore

(12)

ܯሺ ݔെ ݔ െ ݔሶ  ݐሻ   ܥቆන ݔሺ߬ሻ݀߬ െ ݔ ݐቇ

The product operational matrix is another property of hybrid
functions to approximate the product of two hybrid functions
vectors. Suppose
෩
ࢀ  ؆ 

 ൌ ሾܿଵ ǡ ܿଵଵ ǡ ܿଵଶ ǡ ǥ ǡ ܿସ ǡ ܿସଵ ǡ ܿସଶ ሿ் ,







where ݔ and ݔሶ  are the initial conditions of displacement
and velocity. ݔ,  ݔଷ , ݊݃݅ݏሺݔሶ ሻ, and ݂ሺݐሻ are approximated
with hybrid functions as:
 ݔൌ ் ࢄ
 ݔଷ ൌ ் ࢄଵ
(21)
݊݃݅ݏሺݔሶ ሻ ൌ ் ࡿ
݂ሺݐሻ ൌ ் ࡲ
where ࢄ, ࢄଵ , ࡿ, and ࡲ are known vectors of order  ܰܯൈ ͳ.
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Similarly, ݐ, ݔ , and ݔሶ  can be expanded as follows:
 ݐൌ ் ࢀ
(22)
ݔ ൌ ் ࢄ
ݔሶ  ൌ ் ࢄௗ .
By substituting (21) and (22) in (20), the one-d.o.f. system
with cubic stiffness and viscous and dry friction damping is
approximated as:
ܯሺ் ࢄ െ ் ࢄ െ ࢄ்ௗ ் ࢀሻ
௧

௧

௧

 ܥቆන ் ࢄ݀߬ െ ࢄ் ் ࢀቇ   ܭන න ் ࢄ ݀߬ ଶ

௧

௧



ଶ

௧

௧





ܭଷ න න  ࢄଵ ݀߬  ݂ௗ න න  ࡿ ݀߬ ଶ


்





்

௧

IV. ONE-D.O.F. MECHANICAL SYSTEM WITH MIXED DAMPING
Let
(31)
 ܯൌ ͳ ݇݃ǡ  ܥൌ ʹͲ ܰ ݏΤ݉ ǡ  ܭൌ ͳͲͲͲͲ ܰΤ݉ǡ
݂ௗ ൌ ͳ ܽ݊݀ ͵ ܰ
are the known parameters for a nonlinear one-d.o.f.
mechanical system. In this example for simplicity, it is
assumed that ܭଷ is equal to zero. A swept-sine excitation with
ܨ௦ ൌ ͳͲܰ from 10 to 20  was used [15]. The response,
considering ݂ௗ ൌ ͳand ͵ܰ was sampled at a frequency of
1700  using the fourth-order Runge–Kutta method as
shown in Fig. 1 and Fig. 2.

(23)

௧

ൌ න න ் ࡲ ݀߬ ଶ




Applying the property for the integration of hybrid
functions (7) and product operational matrix (11), (23) is
converted to
෩൯  ܥ൫ࢄ் ࡼ െ ࢄ் ࢀ
෩ ൯
ܯ൫ࢄ்  െ ࢄ்  െ ࢄ்ௗ ࢀ
் ்
் ்
் ்
(24)
 ࡼ ࡼ ࢄܭ ܭଷ ࢄଵ ࡼ ࡼ  ݂ௗ ࡿ ࡼ ࡼ
் ்
 ൌ ࡲ ࡼ ࡼ
therefore:
෩   ࡼ ்ࢄܥെ ்ࢄܥ ࢀ
෩
(25)
ࡹࢄ் െ ࡹࢄ் െ ࡹࢄ்ௗ ࢀ
் ்
் ்
் ்
 ࡼ ࡼ ࢄܭ ܭଷ ࢄଵ ࡼ ࡼ  ݂ௗ ࡿ ࡼ ࡼ ൌ ࡲ் ࡼ் ࡼ
Suppose:
 ൌ ሾܯǡ Ȃ ܯǡ Ȃ ܯǡ ܥǡ Ȃ ܥǡ ܭǡ ܭଷ ǡ ݂ௗ ሿ
(26)

ൌ
ࢄ
(27)

Fig. 1. ݔሺݐሻ of the system using a swept-sine excitation with ܨ௦ ൌ ͳͲ ܰ

and
 ൌ ࡲ் ࡼ் ࡼ
(28)
ࡲ
 is a ͳ ൈ ͺ vector, ࢄ
 is a ͺ ൈ  ܰܯmatrix, and ࡲ
 is a
where 
ͳ ൈ  ܰܯvector. Thus, (25) is converted as:
ࢄ
ൌࡲ

(29)


Using the least-squares method, an estimate of vector 
where its coefficients are unknown is given as follow [15]:
(30)
ൌࡲ
ࢄ
 ் ൫ࢄ
ࢄ
 ் ൯ିଵ


Fig. 2. ݔௗ ሺݐሻ of the system using a swept-sine excitation with ܨ௦ ൌ
ͳͲ ܰ

෩ ࢄ் ࡼǡ ࢄ் ࢀǡ
෩ ࢄ் ࡼࢀ ࡼǡ ࢄଵ் ࡼࢀ ࡼǡ ࡿ் ࡼࢀ ࡼ൧் 
ൣࢄ் ǡ ࢄ் ǡ ࢄ்ௗ ࢀǡ

Equation (30) can be solved using the singular value
decomposition method to determine the unknown
parameters. If the displacement and velocity initial
conditions are unknown, they can be solved with the same
rule.
It is important to point out that, in using (30), there is no
need for any information about physical or model parameters
concerning the mechanical system. However, other
identification techniques such as those mentioned in this
paper require such information. This means that force
identification problems can be studied on a straightforward
manner by using our method. Also, it is shown in the
following section that the errors for the example solved are
less than those reported in [15].

The parameters identified using the hybrid functions
method and the orthogonal functions [15] are shown in
Table I.
Also, Table II represents that when ݂ௗ Τܨ௦ is increased,
the errors in the identified parameters increases in
comparison with the first case. According to Tables I and II,
the parameters identified by hybrid functions are more
accurate than those identified by orthogonal functions. Also
the number of bases used in this approach is less than those
reported in [15].
A harmonic excitation is used to identify the unknown
parameters. In this case, the excitation force is:
(32)
݂ሺݐሻ ൌ ܨ  ሺʹߨ݂ ݐሻ
with ݂ ൌ ʹͳݖܪ, ܨ௦ ൌ ͳͲܰ, and the corresponding
sampling frequency is 10240 [15]. The results are shown in
Tables III and IV. Considering these tables, it is clear that
the errors using Chebyshev polynomials have increased for
both hybrid and orthogonal functions.
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TABLE I
SWEPT-SINE EXCITATION FOR ONE-D.O.F. SYSTEM, ݂ௗ ൌ ͳ ܰ
Hybrid
ܯሺ݇݃ሻ ܥሺܰ ݏΤ݉ሻ ܭሺܰΤ݉ሻ ݂ௗ ሺܰሻ
functions

TABLE III
HARMONIC EXCITATION FOR ONE-D.O.F. SYSTEM, ݂ௗ ൌ ͳ ܰ
Hybrid
 ܯሺ݇݃ሻ ܥሺܰ ݏΤ݉ሻ ܭሺܰΤ݉ሻ ݂ௗ ሺܰሻ
functions

Block-pulse&
Legendre
ܰ ൌ Ͷǡ  ܯൌ ͷ

0.995

20.17

10001.7

0.996

Block-pulse&
Legendre
ܰ ൌ Ͷǡ ܯൌ ͷ

1.000

20.16

10003.1

0.991

Block-pulse&
Chebyshev
ܰ ൌ Ͷǡ  ܯൌ ͷ

0.997

20.12

10006.8

0.997

Block-pulse&
Chebyshev
ܰ ൌ Ͷǡ  ܯൌ ͷ

0.989

20.19

9987.3

1.112

1.000

20.28

10029

0.982

0.986

19.77

9830

1.161

1.000

20.29

10054

0.973

Orthogonal
functions [15]
Legendre
 ܯൌ ͵ͷ
Chebyshev
 ܯൌ ͵Ͳ
Block-pulse
 ܯൌ ͷͳʹ

Orthogonal
functions [15]
0.993

20.40

10003

0.993

0.995

20.10

10019

1.020

0.993

20.18

10045

1.004

Legendre
 ܯൌ ʹͷ
Chebyshev
 ܯൌ ʹͳ
Block-pulse
 ܯൌ ͷͳʹ

TABLE II
SWEPT-SINE EXCITATION FOR ONE-D.O.F. SYSTEM, ݂ௗ ൌ ͵ ܰ
Hybrid
ܯሺ݇݃ሻ ܥሺܰ ݏΤ݉ሻ ܭሺܰΤ݉ሻ ݂ௗ ሺܰሻ
functions

TABLE IV
HARMONIC EXCITATION FOR ONE-D.O.F. SYSTEM, ݂ௗ ൌ ͵ ܰ
Hybrid
 ܯሺ݇݃ሻ ܥሺܰ ݏΤ݉ሻ ܭሺܰΤ݉ሻ ݂ௗ ሺܰሻ
functions

Block-pulse&
Legendre
ܰ ൌ Ͷǡ  ܯൌ ͷ

0.992

20.20

10002.9

3.021

Block-pulse&
Legendre
ܰ ൌ Ͷǡ ܯൌ ͷ

0.999

20.25

10007.4

3.033

Block-pulse&
Chebyshev
ܰ ൌ Ͷǡ  ܯൌ ͷ

0.993

20.53

10011.5

3.014

Block-pulse&
Chebyshev
ܰ ൌ Ͷǡ  ܯൌ ͷ

0.999

20.28

10021.9

3.012

1.002

20.43

10065

2.959

1.000

20.65

10036

2.945

1.004

20.56

10120

2.925

Orthogonal
functions [15]
Legendre
 ܯൌ ͵ͷ
Chebyshev
 ܯൌ ͵Ͳ
Block-pulse
 ܯൌ ͷͳʹ

Orthogonal
functions [15]
0.987

20.13

9957

3.103

0.987

20.82

9974

2.914

0.987

20.47

10012

2.980

Legendre
 ܯൌ ͵ͷ
Chebyshev
 ܯൌ ͵Ͳ
Block-pulse
 ܯൌ ͷͳʹ

In addition, if a parameter is known, the results are
considerably improved. If the dry friction force and the
stiffness parameters used in the identification procedure are
assumed as 1 N and ͻͻͻ ܰΤ݉, the errors for identified
parameters decrease as shown in Table V.
On the other hand, let the dry friction force and the
stiffness parameter be 3 N and ͻͻͻͷ Τ. Table VI
presents the identified parameters.
Clearly, Tables V and VI show that when the number of
unknown parameters decreases, the results using orthogonal
and hybrid functions become close.
Also, if all the parameters in (18) are considered, it can
be observe that the magnitude of the errors in the
identification of mass, damping and stiffness parameters
were similar for all kinds of excitation forces. These
parameters are given by
(33)
 ൌ ͳǡ  ൌ ʹͲ Τ ǡ  ൌ ͳͲͲͲͲ Τǡ
ୢ ൌ ͳǡ  ଷ ൌ ͷ ൈ ͳͲଽ Τଷ
Similarly, a harmonic excitation is used to identify the
unknown parameters. In this case, the excitation force is:

TABLE V
FREE RESPONSE FOR ONE-D.O.F. SYSTEM, ݂ௗ ൌ ͳ ܰ
Hybrid
 ܯሺ݇݃ሻ ܥሺܰ ݏΤ݉ሻ ݂ௗ ሺܰሻ
functions
Block-pulse&
Legendre
ܰ ൌ Ͷǡ ܯൌ ͷ

1.001

20.01

0.993

Block-pulse&
Chebyshev
ܰ ൌ Ͷǡ  ܯൌ ͷ

1.005

19.91

0.978

1.002

20.01

0.991

1.008

19.88

0.971

0.995

19.96

1.001

Orthogonal
functions [15]
Legendre
 ܯൌ ͵͵
Chebyshev
 ܯൌ ʹͲ
Block-pulse
 ܯൌ ͷͳʹ

݂ሺݐሻ ൌ ܨ  ሺʹߨ݂ ݐሻ

1997

(34)

FrC6.2

with ݂ ൌ ʹͳݖܪ, ܨ௦ ൌ ʹͲܰ, and the corresponding
sampling frequency is 5115 [15]. The results are shown in
Tables VII. Since increasing the number of unknown
parameters will lead to worse results, in this case to decrease
errors occurred,  ൌ ͷͲ for orthogonal functions and  ൌ 
for hybrid functions are considered.
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