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Abstract

Intermittent solar energy causes different operational modes of power converters

including continuous current modes (CCMs) and discontinuous current modes

(DCMs), which need appropriate control strategies and parameters assignment

to ensure the functionality of the overall solar energy power generation system.

Hence, it is important to identify suitable operation modes for a high-order

converter system. However, for a high-order power converter (HOPC), this

requires comprehensive analysis and sophisticated control design. This paper

focuses on the derivation of operation modes of HOPCs to well identify their

boundary conditions. As an example, a 3-Z-network converter is utilized to

demonstrate analytical and design process. In detail, the equilibrium points and

boundary conditions of each operation modes are first derived; then with the

guidance of boundary conditions, unexpected operation modes can be avoided

by parameters reassignment. Finally, simulations and experimentation on the

newly established system prototype are conducted to validate the effectiveness

of the proposed approach.
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1. Introduction

In the past decades, the renewable energy sector has received substantial

investment in infrastructural development. However, for renewable energy inte-

grated energy systems, the technical requirements for power electronics devices

have been raised significantly. Firstly, high-ratio boosting techniques with high5

efficiency and reliability are required to boost low DC voltage generated by re-

newable energy for grid connection [1–3]. Secondly, effective and efficient mod-

eling and control techniques are needed to compensate for renewable source’s

intermittency and uncertainty features to realize the system’s best working con-

dition [4, 5].10

With the advantages of simple structure, high efficiency and high reliability,

single-stage high-step-up converters are one of the main methods to realize high

voltage conversion ratio [1, 6]. A large quantity of single-stage high-step-up

converters combining switched-inductors, switched-capacitors, impedance net-

works, magnetic coupling devices have been proposed [6–11]. However, few15

high-step-up converters manage to address and overcome the problems asso-

ciated with intermittent renewable energy sources, with a majority of them

focused on continuous current modes (CCMs) only. With the variation of load,

switching frequency and intermittent input voltage, the currents flowing through

inductors may reduce to zero and the high-step-up converters will then oper-20

ate in discontinuous conduction modes (DCMs) [12]. This leads to high input

current distortion because of a low gain in CCMs controller, which is inappli-

cable for DCMs [13, 14]. Moreover, different operation modes produce distinct

devices stresses, leading to inapplicability between CCMs and DCMs, electro-

magnetic interference (EMI) increase and power loss [14–16], which further lead25

to damage of converters. For better converter design, the boundary conditions

of CCMs and DCMs should be well distinguished for power converters connected

to renewable sources.

It is noted that power converters are nonlinear systems which are susceptible

to factors that may lead to instability [17–20]. A small change of parameters30
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can lead to bifurcation and deviation from the predefined equilibrium point [21–

23]. To find out the operation boundaries of a converter, frequency domain

analysis methods can be utilized. However, it requires a large amount of com-

putation [24]. Therefore, another traditional method, i.e., time-domain analysis

method based on the average model, has been widely used [25–27]. Further-35

more, based on the time-domain analysis method, many modelling methods are

proposed, such as circuit averaging and state-space modeling [28–30]. However,

it is difficult to build mathematical models for HOPCs. To deal with this issue,

a harmonic analysis method was proposed to identify the criteria of different

loading conditions to operate at DCMs [31]. However, it bears great inaccuracies40

and the stability near the switching frequency is unpredicted by time-domain

methods. [21]. Compared to time-domain analysis method, boundary conditions

for system parameters can be deduced through bifurcation analysis. However,

involved mathematical derivations are required and it is difficult to build accu-

rate models [21].45

To improve reliability and reduce mathematical complexity, this paper fo-

cuses on the operation mode derivation of HOPCs to well identify its boundary

conditions and provide industry standards for converter applications. With

complex operation modes, 3-Z-network converter proposed in [32] is analysed as

a typical example and its derivations of boundary conditions are elaborated.50

The remainder of this paper is organized as follows. Section 2 presents four

operation modes of 3-Z network converter and gives the equilibrium point of

each mode. Based on the derived points, the boundary condition of each mode

is illustrated in Section 3. Then, simulation and experimentation are conducted

in Sections 4 and 5 to verify the proposed analytical approach for boundary55

identification. Finally, a conclusion is given in Section 6.
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2. An Example: Equilibrium Points Identification for 3-Z-Network

Converter

Combined with two switched-inductors, a 3-Z-network converter proposed

in [32] is taken as an example in this study and its schematic is shown in Figure 1.60
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Figure 1: Schematic of the 3-Z-networks boot converter.

Denote < · >Te
as the average value during period [0, Te], where Te is the

switching period. In order to make it easier to understand, d1Te is the period

that switch is on; d2 and d′2 are duty cycles of the two boost stages in DCM,

respectively. To simplify the analysis without loss of generality, we impose the

following assumptions:65

1) All the components are ideal;

2) Filter capacitors C1 and C2 are large enough that the voltages across

them are constant.

3) L1 = L2 = L1,2 and L3 = L4 = L3,4, hence, iL1
= iL2

= iL1,2
, iL3

=

iL4
= iL3,4

, vL1
= vL2

= vL1,2
and vL3

= vL4
= vL3,4

.70

According to the inductor current in each boost stage, four operation modes

are briefed as follows, and the waveforms of voltage and current across four

inductors are shown in Figure 2. Case I represents that all currents across four

inductors are continuous, represented as C − C; Case II is that iL1
and iL2

reduce to zero, but iL3
and iL4

are continuous (C − D), while Case III is the75

opposite case of Case II (D−C); and Case IV represents that iL1 , iL2 , iL3 and
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iL4 are all discontinuous (D −D).

Due to the two uncertain duty ratios d2 and d′2, Case IV (D−D) is the most

complicated and its derivation will be deduced as a typical example. As shown

in Figure 2 (d), (d1 + d2)Te is the instant that the currents across inductors L180

and L2 reduce to zero. Moreover, inductors L3 and L4 are cut off in the interval

[(d1 + d′2)Te, Te].
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Figure 2: The voltage and current waveforms of L1, L2, L3 and L4 in each operation mode.

(a) Case I: C − C; (b) Case II: C −D; (c) Case III: D − C; (d) Case: IV D −D.

The average currents through inductors L1, L2, L3 and L4 can be deduced

as

IL1,2
=

Vin
2L1,2

d1Te, (1)

and85

IL3,4
=

VC1

2L3,4
d1Te. (2)

In terms of the voltage-second constant theory, we have

< vL1,2
>Te

= d1 < vin >Te
+d2

< vin >Te
− < vC1

>Te

2
= 0. (3)
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Ignoring the impact of ac small signals at the steady state, we have

M1 =
VC1

Vin
=

2d1 + d2
d2

. (4)

Similarly, we can obtain the ratio of VC1 and VC2 as

M2 =
VC2

VC1

=
2d1 + d′2

d′2
, (5)

where M1 and M2 denote the voltage gains of the first and second boost stages

in Figure 1, respectively, and hence, the voltage gain M of the converter is equal90

to M1 ·M2.

Based on energy conservation, the energy released from L3 and L4 during

the interval [d1Te, (d1 + d′2)Te] is equal to the energy dissipation through the

load R in a switching period Te. Hence, one can obtain a quadratic equation as

VC1

2L3,4
d1TeVC2

d′2Te =
V 2
C2

R
Te, (6)

i.e.,95

d′2 =
K2(1 +

√
1 + 4d21/K2)

d1
, (7)

where K2 = L3,4/(RTe). Similarly, we can have

Vin
2L1,2

d1TeVC1d2Te =
V 2
C2

R
Te, (8)

which is solved as

d2 =
K1

d1
(
2d1 + d′2

d′2
)2 +

√
K2

1

d21
(
2d1 + d′2

d′2
)4 + 4K1(

2d1 + d′2
d′2

)2, (9)

where K1 = L1,2/(RTe). Therefore, the duties d2 and d′2, gains M1 and M2,

and currents are denoted as the functions of d1, which are listed in Table 1.

Similarly with the derivation above, the equilibrium points of Cases I∼III are100

also listed in Table 1.

3. Boundary Conditions Identification

As shown in Figure 2 (a), the converter is working in Case I (C −C) if and

only if I ′o > 0 and I ′′o > 0 according to the definitions of CCM and DCM. Hence,
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Table 1: Equilibrium points of each mode.

Parameter Case I Case II Case III Case IV

d2

K1

d1

M2
2 +

√√√√K2
1

d2
1

M4
2 + 4K1M2

2

K1

d1

M2
2 +

√√√√K2
1

d2
1

M4
2 + 4K1M2

2

d′2
K2

d1

+

√√√√K2
2

d2
1

+ 4K2

K2

d1

+

√√√√K2
2

d2
1

+ 4K2

M1

1 + d1

1− d1

1 + d1

1− d1

1

2
+

1

2

√√√√
1 +

4d2
1

K1

·M−2
2 1 + 2

d1
d2

M2

1 + d1

1− d1

1

2
+

1

2

√√√√
1 +

4d2
1

K2

1 + d1

1− d1

1 + 2
d1

d′2

IL1,2

Vin(1 + d1)
3

R(1− d1)4

2d1 + d′2

1− d1

IL3,4

Vind1Te

2L1,2

Vind1Te

2L1,2

IL3,4

Vin(1 + d1)
2

R(1− d1)3

M1Vind1Te

2L3,4

d2

1 + d1

IL1,2

M1Vind1Te

2L3,4

average currents IL1,2
and IL3,4

are larger than half of the current ripple values105

of iL1,2
and iL3,4

, i.e.,

IL1,2 >
1

2
·
Vind1Te

L1,2
, (10)

and

IL3,4 >
1

2
·
VC1

d1Te

L3,4
. (11)

Substituting IL1,2
of Case I in Table 1 into the equations above leads to the

existence boundary condition of Case I, as follows,

Kcrit
1 C−C(d1) =

(1 + d1)3

(1 − d1)4d1
>

1

2
· RTe
L1,2

=
1

2K1
, (12)

and110

Kcrit
2 C−C(d1) =

1 + d1
(1 − d1)2d1

>
1

2K2
, (13)

where Kcrit
1 C−C(d1) and Kcrit

2 C−C(d1) are two functions of d1 corresponding to

the first and second boost stages in Case I. Similarly, we can obtain boundary

conditions of each operation mode as Table 2.

A numerical example is provided to illustrate the process of mode identi-

fication. We assign R = 180Ω, Te = 100µs, L1,2 = 0.2mH, L3,4 = 0.7mH,115
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Table 2: Boundary conditions of each operating mode

Operating mode Boundary Conditions

Case I
Kcrit

1 C−C(d1) =
(1+d1)

3

(1−d1)
4d1

> 1
2K1

Kcrit
2 C−C(d1) = 1+d1

(1−d1)
2d1

> 1
2K2

Case II
Kcrit

C−D(d1) =
(2d1+d′2)(1+d1)

(1−d1)
2 >

L3,4

L1,2

d1 + d′2 < 1

Case III
Kcrit

D−C(d1) = d2
(1+d1)M1

>
L1,2

L3,4

d1 + d2 < 1

Case IV
d1 + d2 < 1

d1 + d′2 < 1

Vin = 10V and d1 = 0.2, thus 1/(2K1) = 45 and 1/(2K2) = 12.86. With

Table 1, we can obtain that Kcrit
1 C−C(d1) = 21.09 and Kcrit

2 C−C(d1) = 9.38 for

Case I; d1 + d′2 = 0.83 and Kcrit
C−D(d1) = 1.94 for Case II; d1 + d2 = 0.67 and

Kcrit
D−C(d1) = 0.21 for Case III; and d1 + d2 = 0.72 and d1 + d′2 = 0.83 for Case

IV. In terms of Table 2, only the condition d1 + d2 < 1, d1 + d′2 < 1 of Case IV120

is valid. Hence, the mode of the converter is determined as Case IV as shown

the point A in Figure 3(a).

Parameters d1 and R vary in practical applications, such as PV systems. In

consequence, the operation modes of the converter can be modelled as functions

of these two variables. Under the guidance of Table 2, the boundary condition125

of each mode can be depicted as two or four curves in Figure 3 when L3,4

equals 0.7mH, 0.5mH and 0.3mH. Assuming d1 = 0.4 and R = 70Ω when

L3,4 = 0.5mH, the converter is in mode Case I as the point A of Figure 3 (b).

With the increase of R (from point A to B), the mode transfers from Case I

to Case II, and the boundary condition is d1 = 0.4 and R = 97Ω. Similarly,130

with the decrease of d1 (from point B to C), the mode transfers from Case II to

Case IV, and the boundary condition is d1 = 0.27 and R = 149Ω. In addition,
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unexpected modes can be avoided by tuning parameters L1 ∼ L4. For instance,

Case III is eliminated in Figure 3 (c) with the decrease of L3,4.
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Figure 3: Boundary conditions with varying of L3,4 when Te = 100µs, L1,2 = 0.2mH,

Vin = 10V . (a) L3,4 = 0.7mH; (b) L3,4 = 0.5mH; (c) L3,4 = 0.3mH.

4. Simulation135

In this section, MATLAB and Simulink softwares are used to establish the

correctness of above mathematical analysis. As listed in Table 7, three sets of

component parameters are simulated and obtain validating boundary conditions

of Case I and Case II.

Table 3: Parameters of the converter in the simulation.

Parameter
Value

Set I Set II Set III

Input voltage (Vin) 10V 2V 2V

Switching period (Te) 100µs 100µs 100µs

Capacitor (C1) 1000µF 1000µF 1000µF

Capacitor (C2) 500µF 500µF 500µF

Inductance (L1, L2) 0.2mH 0.2mH 0.2mH

Inductance (L3, L4) 0.7mH 0.2mH 0.2mH

Load (R) 80 ∼ 600Ω 20Ω 100Ω

Duty (d1) 0.1∼0.6 0.7 0.35
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Assume the parameters configured as Set I of Table 7, and the current wave-140

forms of L1,2 and L3,4 are simulated as shown in Figure 4 when d1 = 0.36,

R = 120Ω, R = 150Ω, R = 180Ω, R = 300Ω, R = 500Ω and R = 700Ω.

The minimum of current IL3,4
(the solid blue lines) is greater than zero when

R = 120Ω, while current IL3,4 is obviously discontinuous when R = 180Ω, and

the converter is in the critical condition when R = 150Ω. Hence, one of the145

boundary conditions between C − C and C − D is d1 = 0.36 and R = 150Ω.

Similarly, Figure 4 (b) shows another boundary condition between C −D and

D − D when d1 = 0.36 and R = 500Ω. With the increasing of d1 from 0.1 to

0.6, the boundary conditions are measured in the simulation according to the

current waveforms of inductors, and the results are plotted in Figure 5 using150

cross marks. The simulation results are in good agreement with the theoretical

results (solid lines in Figure 5).

(a) (b)

t (s) t (s)

C
u
rr

en
t 

(A
)

C
u
rr

en
t 

(A
)

Figure 4: Boundary conditions and current waveforms when d1 = 0.36. (a) Boundary condi-

tion d1 = 0.36 and R = 150Ω between C − C and C −D; (b) Boundary condition d1 = 0.36

and R = 500Ω between C −D and D −D.

5. Experimentation

To verify the correctness of the theoretical analysis, a prototype has been

built as shown in Figure 6. The currents flowing through the four inductors155
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Figure 5: Boundary conditions for d1 and R in theory and simulation.

can be measured by the current probe, which indicates the operation modes of

CCM or DCM.
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Figure 6: Converter prototype.
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According to the derivations mentioned in Section 3, the converter can only

operates in Cases I and II with the variation of R and d1 when L1,2 = 2.75mH,

L3,4 = 0.107mH, C1 = C2 = 47uF . The theoretical boundary condition in the160

d1 − R 2D coordinate plane is depicted with the blue solid line in Figure 7. In

the experiment, the boundary conditions are measured by adjusting the duty

cycle d1 when the load R is fixed at 48.4Ω, 50.1Ω, 54.5Ω, 58.9Ω, 61.5Ω, 67.0Ω,

74.2Ω, 82.3Ω, 92.5Ω, 100.0Ω, 154.0Ω, 202.0Ω and 253.0Ω, respectively for each

data point. The results are illustrated by red cross marks in Figure 7. It165

demonstrates that the theoretical and experimental boundary conditions are in

good agreement.
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50
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Figure 7: Boundary conditions for d1 and R in theory and experiments.

6. Conclusion

This paper provides equilibrium points and boundary conditions, and ob-

tains deeper insights into the behaviors of the 3-Z-network converter. The170

derivations of four operation modes and the boundary condition of each mode

has been conducted and provided for the large-signal averaged model of the

converter, which provides guidance for engineers to adjust the system parame-

ters so as to realize required operation modes. Simulation and experimentation

12



have verified the accuracy and effectiveness of the proposed identified operation175

boundaries.
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