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We mainly investigate the global asymptotic stability and exponential convergence of positive
solutions to two families of higher-order difference equations, one of which was recently studied
in Stevi¢’s paper (2010). A new concise proof is given to a quite recent result by Stevi¢ and
analogous parallel result of the other inverse equation, which extend related results of Alogeili
(2009), Berenhaut and Stevi¢ (2007), and Liao et al. (2009).

1. Introduction

The interest in investigating rational difference equations has a long history; for instance, see
[1-24] and the references cited therein. More generally, it is meaningful to study not only
rational recursive equations but also those with powers of arbitrary positive degrees.

For instance, at many conferences, Stevi¢ proposed to study the behavior of positive
solutions of the following generic difference equation (see also [25]):

P
n-m

X
Xo= A+ neN, (1.1)
xn—k

where A, p,q > 0,and k, m € N, k # m. For some recent results in this area, see [26-32] and the
references therein.
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By a useful transformation method from [4], the authors of [3] confirmed that the
unique positive equilibrium of the rational recursive equation

_ Yn-k + Yn-m

_ , neN, 12
1+ Yn-kYn-m 0 ( )

Yn

where 1 < k < m, is globally asymptotically stable for all solutions with positive initial values.
In the meantime, they also remarked that the global asymptotic stability for the unique
equilibrium of the difference equation

1+ vuxyn-
n = M/ ne NO/ (13)
Yn-k + Yn-m

can be shown through analogous calculations. Some particular cases of (1.3) had already been
considered in [12, 13].
In [3] were proposed the following two conjectures.

Conjecture 1.1. Suppose that 1 < k <1 < m and that {y,} satisfies

_ Yn-kYn-1Yn-m + Yn-k + Yn-1 + Yn-m
Yn-kYn-1 ¥ Yn-kYn-m * Yn-1Yn-m + 1

Yn n € Ny, (1.4)

with positive initial values. Then, the sequence {y, } converges to the unique positive equilibrium point
y=1

Some special cases of (1.4) had been studied by Li [9, 10] with a semicycle analysis
method, which is useful for lower-order difference equations but tedious and complicated
to some extent(see the explanation in [33]). Finally, Conjecture 1.1 was also confirmed in [2]
with the similar transformation method used in [3, 4]. However, it is somewhat harder to
prove the following conjecture in the same way.

Conjecture 1.2. Assume that q is odd and 1 < ky < ky < --+ < kg, and define S = {1,2,...,q}. If
{yn) satisfies

fi (yn—klf Ynkyr--+s yn—kq>
f2 <yn—k] rYn—kore--s yn—kq>

Yn = , néeNy, (1.5)

with Ykyr Ykytls -, Y-1 € (0, +00), where

q
frloen,xo,.,xg) =D, DL XXy xy,

=1 (i) CS

iodd t<ty<-<t

(1.6)

[uny

q-

fa(xr, x2,...,x4) =1+ Z Z Xt Xpy X,
i=2 [t],tz,...,ti}CS
ieven i <ty<o<t;

Then the sequence {y,} converges to the unique positive equilibrium point iy = 1.
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Next, we present two definitions as defined in [1].

Definition 1.3. A function of n variables is symmetric if it is invariant under any permutation

of its variables. That is, a function ¢(xy, ..., x,) is called symmetric if

o1, xn) = Q(Xa1y, - Xn(m) ) (1.7)

where (i) is any permutation of the numbers {1,2,...,n}.

Definition 1.4. The kth elementary symmetric function ok of variables x, ..., x,, where k €
{1,2,...,n} is defined by

Ox(X1,...,Xp) = Z Xi, Xiy - Xiy, (1.8)

11 <ip<-++<ik

where the sum is taken over all C} choices of the indices i, ..., ik from the set of integers
{1,2,...,n}.

Obviously, the functions fi, f> defined by (1.6) and (1.7) are symmetric and can be
rewritten as

q q-1

fl(xl,xz,...,xq) ZZ Oj, fz(xl,JCg,...,xq> =1+ Z Oj. (19)
iIO:dld i(l;in

In this paper, we give a new proof of a quite recent result by Stevic¢ in [34] where he,
among others, studied the stability of one of the following two difference equations, which
are dual:

f2 <ynfk1’ y:kkz'- Yk
f1<
fi <y;7kl, Ynkyr 1 Yok
f2 <y;—k1’ y;-sz- Yk

, neN, (1.10)

r
r

Yn = -
yn—kl’yn—kz’ e ’yn—k
Yn =

, neN,, (1.11)

where3<ge€Nisodd, r € (0,1] and 1 < ky <ky <--- < k.

Apparently, Equation (1.11) is the generic form of (1.2), (1.4), and (1.5).

In [6, 18] the authors proved that the main results in some of papers [9-12] are direct
consequences of a result confirmed by Kruse and Nesemann [35]. For example, in [6] was
showed that the main result in [13] is also a consequence of Corollary 3 in [35]. On basis of
these works, in 2008, Alogeili [1] confirmed Conjecture 1.2 in the same way.
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Later, Liao et al. [14] proved Conjecture 1.2 by using a new approach. They used a
sort of “frame sequences” method(the notion suggested by Stevi¢), which has been widely
used in [5, 7, 18, 36—41]. Through careful analysis, we find that the method used in [14] can
be further simplified and applied in proving Stevi¢’s result in a more concise and interesting
way. Namely, we give a new proof of the following result, which generalizes related results
in[1,2,9,10, 14].

Theorem 1.5. Assume that Yk Ykyl, -, Y-1 € (0,+0),r € (0,1],3 < g € N is odd and positive
integers ki, ka, ..., kg are satisfying 1 < k; < ky <--- < ky. Then

(1) the unique positive equilibrium point y = 1 of (1.10) is globally asymptotically stable;

(2) the unique positive equilibrium point y = 1 of (1.11) is globally asymptotically stable.

2. Auxiliary Results and Notation

In this section, we will introduce some useful notation and lemmas. Consider the following
notation(for similar ones see [14]), which play an important role in the paper:

~

1[4 q ]
a(xy,x,...,%5) = > [TGr+1)-T]Gr-1)
= -1 ]

(2.1)
1 i q 1
B(x1,x2,...,%q) = > [T+ +T G -1 .
[ i=1 i=1 )
Employing a and f, define a mapping ®@; : R? — R as follows:
O (o) < “Cr ) TG4 1) < TIE (o -1) )
T BGaoxg)  TIL GG+ 1) + T () - 1)
Then (1.10) can be rewritten as
1 <y;—ki + 1) -TT, (y;—k,- - 1)
Yn = . - . - , neN, (2.3)
i=1 <yn—k,- + 1> tllig <yn—ki - 1)
or
Yn =Dy <]/n—k1/]/n—k2/ e /yn—kq>/ n € Ny, (2.4)

with 3 < g € Nbeing odd, and r € R..
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By the notation defined by (2.1), define the other function @, : R? — R such that:

B(x1,...,xq) _ ?:1 (xf +1) + H?=1 (xj - 1)

@Dy (x1,%0,...,%) = = . 2.5
) e ) LG ) L)
Then (1.11) can be rewritten as
L1 <2V:¢-ki + 1> + 1T (y;rq—k,- - 1)
Yn = 7 7 , né€Ny, (2.6)
i=1 <y:1—ki + 1) — i (y;rq—k,- - 1)
or
Yn = (I)Z <yn—k1/yn—k2/ o /yn—kq>/ ne NO/ (27)

with 3 < g € Nbeing odd, and r € R..
Lemma 2.1. Ifr € (0,1], then both (2.4) and (2.7) have the unique positive equilibrium point y = 1.
Proof. Suppose that A; > 0 is an equilibrium of (2.4), then

(1) - (g1
N+ D)7+ (1 1)

)‘1 = ch ()tlr (RN /)‘1) (28)

which implies
-+ 1) =+ DA -7 (2.9)

Obviously A1 = 1, due to the different signs of both sides of the last equality for the case A; # 1.
Likewise, let A, > 0 be an equilibrium of (2.7); then

_ (D) T+ (5 -1)°
)T -n”

A= D(As, ..., 00) (2.10)

which indicates
()Lz—l)()tg+l)q = (./\2+1)(./\£—1)q. (2.11)

Assume that A, #1. If 1, > 1, then by the monotonicity of the map h(x) = (x+1)/(x—-1),x > 1
we have that

X4l A1\
b+l At <2+ > 2.12)

L-1-1-1 \1-1
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which contradicts (2.11).Similarly, if 0 < A, < 1, then by the monotonicity of the function
I(x)=(1+x)/(1-x),x€(0,1), we have that

1+  1+4] T+A5\7
< 2.13
1—A2—1—A;<<1—A5>’ (2.13)
which also contradicts (2.11). Thus A, = 1.
The proof is complete. O

Lemma 2.2. (1) Let @y be defined by (2.2); then ® is monotonically increasing in x; if and only
i.f]_[l%,i#(xi - 1) < 0, and monotonically decreasing in x; if and only if]_[f:h.#].(x,- -1) > 0, for
ji=12,...,4.

(2) Let @y be defined by (2.5), then @, is monotonically decreasing in x; if and only if

?:1,i¢j(xi — 1) < 0, and monotonically increasing in x; if and only if H?:l,#j(xi “1) > 0, for
j = 1/2/---,q.
Proof. The results follow directly from the facts below:
(<o T
- <0, (xi—1)>0,
o0, _ ~ra Tl (7 1) ) i=Li#] en }
ox; [B(x1,%2,...,%,)] g Ii[ 1o i€{1,...,q},
4 i _ ,
\ i=li#]
(2.14)
(>0 T
- >0, (xi—1) >0,
0Dz _ ra Tl (07 - 1) ) iZ1i7] en |
ax]- [“(xl,xz,...,x )]2 q ] oo q)
! <0, H(xi—1)<0,
\ i=1i#j
O

Remark 2.3. The second statement (i.e., (2)) in Lemma 2.2 can also be found in Stevi¢’s paper
[34] (see Lemma 1 and Corollary 1).

Forr € R*,3 < g € Nodd, define amap ¥ : R, — R such that

(@ x)T-(1-x")1

¥(x) = 2.1
) 1 +x)T+ (1-x)7 @15)
which has the following simple property:
1 1
IP(;) = m, X € R+. (216)
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Lemma 2.4. Suppose that 0 < § < 1,and let T = W(¢), D € (D1, D). If x1,x2,...,%4 € [§,1/4],
then

1
[ <D(x1,x2,...,%,) < T (2.17)
Proof. Since ®(x1,x2,...,%4) is symmetric in x1,x,...,x,, without loss of generality, we
suppose that § < x; < xp < --- < x5 < 1/¢. If there exists j € {1,...,q} such that x; = 1,
then by (2.2) and (2.5) we can easily get that ®(x1, x2,...,x4) = 1. Thus, assume x; #1 for all

jell, ... q}.
Then we have the following g + 1 cases to consider:

1

(1) §Sx1£~-sxq_1sxq<1<g;

1

(2) éSx1£-~-qu71<l<quE;

1

3) éSx1£-~-<1<xq71§qug;
(2.18)

1

(9) b <1< <X <<y

1

(g+1) §<1<x1§~-§xq,1§xqsg.

By Lemma 2.2, for the above cases, we have that

1

(1) 1< (I)l (xl/”-/xq—lfxq) < f/

(2) I'< <I)1(x1,...,xq_1,xq) <1

1

(3) 1 < (I)l (xll“‘lxq—llxq) S f/
(2.19)

1
() 1<®i(x1,...,x4-1,%4) < T

(g+1) T<Di(xq,...,%51,x5) <1.

Obviously, I' < @1 (x1, x2, ..., x4) < 1/T follows directly from the above inequalities.
The proof of the case @ = @, is analogous and hence omitted. O
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Lemma 2.5. Suppose that 0 <r <1,¢ € (0,1) is fixed and let I' = W(¢). Then we have

r'>¢e (2.20)

Proof. By the monotonicity of the function h(x) = (1+x)/(1 -x),x € (0,1), we have that

1+¢  1+¢& 1+¢&\1
i <(s) 220
which implies
1-9HA+&)T>1+HA =& (2.22)

Therefore, (1 +¢&)7—(1-¢&))/((1+&)7+ (1 -¢)7) > ¢, thatis, T > ¢.
The proof is complete. O

The following corollary follows directly from Lemma 2.4 and Lemma 2.5.

Corollary 2.6. Assume that 0 < ¢ < 1. If any positive solution (yn);ikq to (2.4) or (2.7) has the
initial values

1
]/—kq/ y—kq+l/ e Y € |:§/ g:l ’ (223)

then we have y,, € [¢,1/¢], for n € Ny.
Define two sequences (¢;);5 and (1;);5 as follows:

¢ =W(&), Min=Y(m), €N, (2.24)

with initial values ¢y, 70 > 0.

Lemma 2.7. For the sequences (&;);55 and ()55 defined by (2.24),if 0 < & < 1, and &mno = 1, then
lim¢; = limn; = 1. (2.25)

Proof. Inductively, we can simply obtain that 0 < ¢; < 1 < 7; < +oo, i € Ny. Through simple
calculations, by (2.16), we have that

&mi=1, VieN. (2.26)
Therefore by Lemma 2.4 and Lemma 2.5, we get that

0<é<ém<l<m <, i€Ny, (2.27)
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which implies that the sequences (&) and (1;).5 converge to some limits (denoted by ¢*

and 7%, resp.), that is,

¢'=limgelel], 7 =limne [1,70]- (2.28)

i—+00
By taking limits on both sides of the first identity of (2.24), we get

_ (1 + (é*)r)q _ (1 _ (é*)?‘)q
1+ @)+ 0=

& (2.29)

which implies
1=+ =0+ - (2.30)

Suppose that ¢* # 1; then by the monotonicity of the function f(x) = (1+x)/(1-x),x € (0,1),
we have that

* *\T *\T \ 49

1+§*§1+(§)r<<1+(§)r>’ (231)
1=¢ 7 1-() 1=(¢)

which contradicts (2.29). Hence, we have that ¢* = 1 and then obviously it follows by (2.26)

and (2.28) that¢* =n* = 1.
The proof is complete. O

3. Stability

In this section, we give a new, concise and clear proof of Stevi¢’s Theorem 1.5, by the lemmas
in Section 2.

Proof of Theorem 1.5. Employing Lemma 2.2, the linearized equations of (2.4) and (2.7) about
the equilibrium y = 1 are both

Zn =0 Zpgy +0-Zpj, ++--+0-2p, =0, ne€No. (3.1)

Then by the Linearized Stability Theorem, i = 1 is locally stable.

Thus it suffices to confirm that 7 = 1 is also a global attractor for all positive solutions
of (2.4) and (2.7).

Let (yn), > k, be a positive solution to (2.4) or (2.7) with initial values

}/—kq/ ]/—kq+1/ crcy ]/—1 € (0/ +OO). (32)

We need to prove that lim,, _, .y, = 1.
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Apparently, there exists ¢y € (0, 1) such that
vi € [§o,m0), i=-kg—kg+1,...,-1, (3.3)
where 7179 = 1/¢p. Employing Corollary 2.6, we have
Yn € [80,m0], n=-kg—kg+1,.... (3.4)

Let sequences (&) and (7). be defined by (2.24). Let ® € {®;,D,}; then in light of

Lemma 2.4, (3.4), and (2.26), we get

¥(éo) < ®<yn—k1,yn—k2,---,yn—kq> < ﬁ =¥(n), neNo. (3.5)
That is,
Yn € [&1,m], neN,. (3.6)
In view of (3.6), (2.26) and Lemma 2.4, we have that
¥(é) < q)<]/n—k1/yn—k2/- -.,yn_kq) < % =¥(m), n>k (3.7)
That is,
Yn € [&2m], n>k, (3.8)
Reasoning inductively, we can get
Yn € [&i1,Min], n>iky, i€Np. (3.9)

By Lemma 2.7 and (3.9), we obtain
1=lim¢ < limy, < limng =1,
N e e (3.10)
which implies

lim y, = 1. (3.11)

n— oo

The proof is complete. O
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4. Exponential Convergence

In this section, we will prove that all positive solutions to (2.4) and (2.7) with 0 < r < 1 are
exponentially convergent, by using an approach from paper [42].

Theorem 4.1. If r € (0,1], then every positive solution to (2.4) and (2.7) exponentially converges to
1.

Proof. Let (yn),‘f:_kq be a positive solution to (2.4) or (2.7); then by Theorem 1.5, there exists a

sufficiently large natural number N such that for arbitrary fixed ¢ > 0 we have |y, — 1| < € for
alln > N.
Denote T, = |y, — 1|,n > —kg; then T, < e foralln > N.

(1). For (2.4).

Let0 < e <1-+/1/g; then by (2.4), we have

9 Q.—1|
Ty = |yn—1| = 1Yk
n |yn | q (yn . +1> +1_[] 1<yn . 1>
2H11ynk 1|< ]q:ly;—kj_1|

ZZ; 1Yo k; T oq-e) (4.1)

q
Yok, ' I_I
j=1

Yn-k; — 1|

= z:&

Tk, <" 'Tyk, n>N+k,.

~.
]
—_

(2). For (2.7).

Let 0 < € < 1 be fixed; then by (2.7), we get

1T Ny - 1|
Tn = n— 1| = 1 yn K
v | 7 1<yn k; 1> - ?zl <y;_k}_ - 1>
Vi, 1| < 111[ Yok~ 1| (4.2)
j=

= 1:1&

Tyk; < eq‘lTn_kq, n>N +r,.

.
]
—_

From this inequality and Lemma 1 in [43] (see also Corollary 1 therein), the result
directly follows. O
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5. Other Simple Results
In this section, we will present some elementary results of (2.3) and (2.6) with r > 1.

Proposition 5.1. If r > 1, then there is no positive solution (yn);ikq to (2.3) such that lim,, _, sy =
+00.

Proof. Suppose (Yn) 2 k, is a positive solution to (2.3) such that

lim y, = +oo. (5.1)

n—oo
Then for some fixed M > 1, there exists N € N such that

Vn>N, y,>M. (5.2)

Employing (2.3) and (5.2), we can simply get that

?:1 <y1r\z+kq—k]- + 1) - ?:1 <y1r\1+kq—k,- - 1)
H?:l <ylr\]+kq‘k1‘ * 1) + szl (ylr\“kq‘ki - 1)

YN+k, = <1 (5.3)

which contradicts (5.2). The proof is complete. O

Proposition 5.2. We have the following simple statements:

(1) if r > 1, then (2.6) has nonoscillatory positive solutions with all initial values y; > 1,
“k;<i<-1l,0r0<y; <1,-k;<i<-1;

(2)let H = {y; | yi#1,-kq < i < =1} and denote by |H|| the cardinality of the set H. If
|H|| < g, then for any positive solution (yn)ZZ'ikq to (2.3) or (2.6), we get y, = 1, for all
n > 0.

6. Conclusions

In the following, let a* = max{a,1/a} for any a € R, as defined in [20] and firstly we present
[20, Theorem 1].

Theorem 6.1 (see [20]). Let f, g satisfy the following two conditions:

H1) [f (uy,ua,...,w)]" = fu5,u5,...,u5) and [g(uy, ..., w)]" = g5, ..., up);
(H2) f(uj,u3, ..., up) <uj.

Thenx =1 is the unique positive equilibrium for equation (1) which is globally asymptotically stable.
The Equation (1) mentioned in Theorem 6.1 is the following difference equation:

f(xnfrlr st rxn—rk)g(xn—mlr M /xnf‘rm) + 1
f(xn—ﬁ/ .. '/xn—rk) + g(xn—mu- . -/xn—ml) ’

Xpsl = neN, (6.1)
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where f € C(RX,R,) and g € C(R,, Ry) with k,1 € {1,2,...},0<r <+ <rgand 0 <my <--- <
my, and the initial values are positive real numbers.

Remark 6.2. Equation (1.10) is a special case of equation (1) in [20].

Proof. Letk >3, fi(u) = u"(u > 0), r € R;, and define a recursive equation

fj—l (ul,up_,. . .,uj_l)uf +1
— ]

i(u,up, ..., uj) = , (6.2)
f]( e ]) f]-_1(u1,u2,...,uj_1)+u]r.
for all 2 < j < g. Then the following difference equation:
Yn = fq (yn—r1r Ry yn—rq>r n € Ny, (6.3)

where 1 <7 <1 <--- <r,;and the initial values Yoryp Y-rgel, -, Y1 € (0,+00), is the very
Equation (1.10) in this paper. O

Remark 6.3. Let f(u) = u", r € (0,1], and g(u1,u2,...,ux) = fi(ur,uy, ..., ux). Then through
simple calculations, we have

(HI) [f)]" = f(u*) and [g(u1, uz, ..., u)]" = g(u3, u3, ..., up);
(H2) (H)f (u*) < u*.

Thus the conditions (H1) and (H2) of [20, Theorem 1] hold. By [20, Theorem 1], we know
that the unique positive equilibrium ¥ = 1 of (1.10) (also (6.3)) is globally asymptotically
stable.

Remark 6.4. Although the stability of (1.10) can be also obtained as a corollary from Theorem
1 of the paper by Sun and Xi [20], the method of proof of Theorem 1.5 in this paper is distinct.
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